INTRODUCTION
Ž . An almost completely decomposable group X is a finite essential abelian extension of a completely decomposable group A of finite rank. Almost completely decomposable groups appeared early in studies of torsion-free abelian groups, but only as examples, usually exhibiting pathological dew x compositions. In 1974 Lady Lad74 initiated a systematic theory of such groups based on the fundamental concept of regulating subgroup. The regulating subgroups can be defined as the completely decomposable subgroups of least index in an almost completely decomposable group. Details on the subsequent developments can be found in the survey article w x Mad95 . Also see the remarks preceding Theorem 5.1. Almost completely decomposable groups are easily written down. In fact, one traditionally starts with a completely decomposable group A inside a divisible hull ‫ޑ‬ A, and adjoins a finite number of elements x of ‫ޑ‬ A to get the almost i completely decomposable group X s A q Ý ‫ޚ‬ x . Such a presentation is i i highly nonunique and does not provide immediate information beyond the fact that XrA is finite. In particular, the subgroup A may or may not be a w x w x w x regulating subgroup of X. In MV95 , BM96b , and DMM97 the simpler but important subclass of cyclic essential extensions of completely decomposable groups was studied and criteria were obtained for deciding in a computationally effective manner whether A is a regulating subgroup of its cyclic essential extension X. One major result of this paper is a completely general and effective criterion for deciding whether a completely decomposable group A is regulating in its finite essential extension Ž . X Theorem 5.1, Theorem 5.7 . Maple procedures allow us to handle large and small examples with the help of the computer, and to introduce experimentation into the subject. A ''large'' example was chosen more or less randomly and checked out. In the process a new concept proved to be Ž . important and suggested an unexpected result Proposition 6.2 . Explicitly, let A s A [ иии [ A be a completely decomposable group written as a 1 r direct sum of rank-1 groups A and let X be an almost completely i decomposable group containing A as a subgroup of finite index. It turned out to be very useful to know the subsums [ A that are pure in X.
The proposition says that in the p-local case the maximal X-pure subsums Ž .w x have exactly the rank rk X y dim XrA p . Using a mix of computer results and trial and error we were able to find a regulating subgroup of an example whose initially given completely decomposable subgroup was not regulating. We propose to find general effective methods to do so. We also Ž . compute Burkhardt invariants for one example Example 6.8 and are lead Ž . to general algorithm for computing Burkhardt invariants Algorithm 7.3 .
Our results are based on a new representation of almost completely decomposable groups which is valid more generally for finite essential extensions of torsion-free groups. A group X is a finite essential extension of the arbitrary torsion-free group A if X contains an essential subgroup of finite index isomorphic to A. Note that X is also torsion-free and that X is almost completely decomposable if A is completely decomposable. w x Benabdallah and Ouldbeddi BO96 represent a finite essential extension X of A as an epimorphic image of a direct sum of A and a suitable free group and this ''high cover'' of X naturally brought into play certain Ž integral matrices and linear algebra. With this in mind we show Lemma . 2.5 that every finite essential extension X of A is obtained in the form 1 Ž . prime'' in some sense see Definition 3.1 . In this case XrA ( ‫ޚ‪r‬ޚ‬ N and the invariants of the finite group XrA are given by the Smith Normal < < < < Ž . Form of N. In particular, XrA s det N Lemma 2.4 .
The concept of a matrix N and a column vector a w of group elements w x w x being relatively prime first appears in BO96 . In BM96a greatest common di¨isors of an integral k = k matrix N and a column vector a w of elements Ž in a torsion-free abelian group A were introduced and studied Definition . 3.1, Theorem 3.2 . The greatest common divisors allow us to give a precise © y1 w description of the purification of summands of A in X s A q ‫ޚ‬ N a Ž . Lemma 4.1 . This lemma turned out to be a very important tool. When A Ž .
> Ž .
is completely decomposable, then, for every type , X and X are Ž .
the purifications of the summands A and A of A, respectively, and the representations of these type subgroups are essential in deriving the regulating subgroup criterion. Luckily, in this case the computation of greatest common divisors can be reduced to the well-known and straightforward computation of greatest common divisors of two integral matrices. This involves only column reductions of matrices and is a relatively simple computational process that can be implemented by computer procedures Ž . Lemma 5.3, Proposition 5.5, Theorem 5.7 . The purification of a subgroup H in a torsion-free group G is denoted by H# G for emphasis. We take it for granted that the reader is familiar with
Ž . the usual type subgroups G , G* , and
T A is the critical typeset of A. For general background on torsion-free cr w x abelian groups we refer to Arn82 , and for almost completely decomposw x able groups, we recommend the survey article Mad95 , which contains references to original sources.
Throughout the paper, k denotes a positive integer. The cyclic group of Ž . order d is denoted by ‫ޚ‬ d .
These groups have been under intense scrutiny in the past few years and a number of interesting results have been established concerning them w x since the groundbreaking paper by Lady Lad74 .
INTEGRAL LINEAR ALGEBRA
Let A be a torsion-free group. A group X is said to be a finite essential Ž . extension f.e.e. of A if X contains an essential subgroup B of finite index isomorphic to A. The finite essential extensions of completely decomposable groups of finite rank are exactly the almost completely decomposable groups. In reviewing the literature on the subject it becomes clear that the integral matrices and integral linear algebra play an important role. In order to take full advantage of this linear algebra we adopt and adapt a w x notational scheme proposed in BO96 .
Let G be a group. The symbol
S denote the set of all k-by-r k= r matrices with coefficients in S. Specifically, the ring of integral k = k Ž . Ž . matrices is denoted by ‫ލ‬ ‫ޚ‬ . A matrix N g ‫ލ‬ ‫ޚ‬ is nonsingular if
For M s m g ‫ލ‬ ‫ޚ‬ and g g G , the matrix product is defined clear from the context and no confusion is likely. Let X be a f.e.e. of a torsion-free group A. Then, without loss of generality, we can assume that A ; X ; ‫ޑ‬ A, where ‫ޑ‬ A is a fixed divisible hull of A. Since XrA is finite, we can write
XsAq‫ޚ‬x , x g ‫ޑ‬A .
Ž .
The group now has the appearance of a cyclic essential extension, i.e., a group of the form X s A q ‫ޚ‬ x. The analogy with cyclic extensions can be carried further.
Recall that, for any group G, G w is naturally a left ‫-ލ‬module, where Ž . ‫ލ‬ s ‫ލ‬ ‫ޚ‬ is the ring of k = k integral matrices. In particular, given a k torsion-free group A and ‫ޑ‬ A a divisible hull of A, A w is an ‫-ލ‬submodule of ‫ޑ‬ A w , and ‫ޑ‬ A w rA w is a torsion ‫-ލ‬module. Let x w g ‫ޑ‬ A w . Then
‫ލ‬ is a left ideal in ‫.ލ‬ But ‫ލ‬ is a left principal ideal ring, therefore
Ž .
‫ލ‬
More can be said about the matrix N. 
In order to work with the standard form of X over A we need the Ž . concept of greatest common left divisor of a nonsingular matrix N g Ž . Ž .
The computationally effective tool for much of the rest of this paper are greatest common divisors of two integral matrices. The existence of great-Ž . Ž est common left or right divisors of integral matrices is well known see w x. Duf46 . Since the derivation is easy and essential, we include it here for the reader's convenience.
Ž .
Ž . 
Multiplying by the inverse of the invertible Ž . Ž . kqr = kqr matrix and partitioning suitably results in the matrix equation
It follows that M s DS and N s DT.
By transposition we obtain greatest common right divisors. In Lemma 3.5, item 1 generalizes the fact that an integer dividing a product and being relatively prime to one factor must divide the complementary factor. Item 5 has no analogue in number theory, and item 6 is a kind of local᎐global principle that says that being relatively prime can be decided by dealing with a prime at a time. and it follows that
PURIFICATION OF SUMMANDS
Ž . factor of N and since S b g A and S c g A, it follows from 4.1 that y1 w A Ž w . S a g A. But gcd N, a s I so S is invertible, which was to be shown.
We conclude this section with a criterion for lifting a decomposition © y1 w A s B [ C of the base group to a decomposition of X s A q ‫ޚ‬ N a . 
ALMOST COMPLETELY DECOMPOSABLE GROUPS
We assume for the rest of this article that the base group A of the finite essential extension X is a completely decomposable group of finite rank. Then X is almost completely decomposable. Our main result is the general regulating subgroup criterion which is an easy consequence of Lemma 4.1.
Before we state and prove the criterion we need further background. The regulating subgroups of X are exactly the subgroups
. obtained by adding the -homogeneous completely decomposable Butler Ž .
Ž . defined the regulator R X of an almost completely decomposable group X as the intersection of all of its regulating subgroups and proved that, for Ž .
exp X rR X . In particular, this shows that the regulator is completely decomposable; it can also be shown to be a fully invariant subgroup of X. An isomorphism between almost completely decomposable groups maps regulator to regulator. This fact is the basis for the known classification theorems for almost completely decomposable groups and indicates the fundamental importance of the regulator and of regulating subgroups.
The criterion is the following.
A is regulating in X if and only if
Proof. 1 and 2. Follow from Lemma 4.1.
3.
4. Is immediate from 3.
The usefulness of the regulating subgroup criterion hinges on having an A Ž w . effective method for computing greatest common divisors gcd N, a , a w g A w . For a general group A, this seems an impossible task but, for completely decomposable groups A, we will see that the problem can be reduced to finding the column echelon form of integral matrices. The first lemma shows how the information contained in the k-tuple a w g A w can be coded into an integral matrix. We need some definitions. 
subgroup of the rank-1 group A and so it is cyclic. Hence there exist
The preceding lemma says that no generality is lost by assuming in Lemma 5.4, Proposition 5.5, Lemma 5.6, and To start with we assume that the critical types of A have no bothersome divisibilities. This is frequently the case in examples, and is a reasonable and not very restrictive assumption. When the critical types have divisibilities at primes dividing n s det N, then the above process must be refined and iterated. We first extract a crucial step as a lemma.
LEMMA 5.6. Let N be a k = k integral matrix with nonzero determinant n. 
M¨w .
There exists an integer j such that D s gcd N , M S s I and then
Proof. 3.
Ž . 1  1  1  1  3  3  3  2  1  1  2  3  2  1  1  2  3  3  3  0  0  1  0  0  0  0  1  0  0  0  0  1  0  0  13  12  13  9  5  5  8  13  8  5  5  9  13  12  13  26  25  27  19 11 10  17  27  17 10 11  19  27  25  26 we have the new representation
The matrix N tells us that
[ Ž . Ž . Ž . Ž .
Thus A is regulating in X if and only if the list contains only ones. Otherwise, the list says where the Butler decomposition fails to be valid and by how much it is missed.
In our example we consider the rigid case first. If A fails to be regulating in this case, then it cannot be regulating in any other case since we simply test whether the ¨are pure in X or not. Maple returns is pure, it suffices to search for large summands. A Maple procedure reveals that the pure summands of our example X are exactly the summands of the summands of A whose index sets are the following: 9, 10, 11, 12, 13, 14, 15 3, 7, 8, 10, 11, 12, 14, 15 3, 6, 7, 11, 12, 13, 14 , 15 w xw x w x 3, 7, 10, 11, 12, 13, 14, 15 3, 6, 8, 9, 11, 12, 14, 15 3, 6, 9, 11, 12, 13, 14, 15 w x w xw x 6, 8, 9, 11, 12, 13, 14, 15 7, 8, 10, 11, 12, 13, 14, 15 5, 6, 8, 9, 12, 13, 14, 15 w x w x w x 4, 7, 8, 10, 11, 13, 14, 15 4, 6, 7, 8, 11, 13, 14, 15 1, 2, 3, 4, 7, 8, 10 , 11 w x w x w x 1, 2, 3, 4, 5, 6, 7, 8 1, 2, 3, 4, 7, 10, 11, 13 1, 2, 3, 4, 8, 9 , 10, 11 w x w x w x 3, 4, 6, 7, 11, 13, 14, 15 1, 2, 3, 4, 6, 8, 9, 11 3, 4, 6, 7, 8, 11, 14 , 15 w x w x w x 3, 5, 7, 8, 10, 12, 14, 15 3, 5, 6, 8, 9, 12, 14, 15 1, 2, 3, 4, 6, 9, 11, 13 w x w x w x 3, 4, 7, 10, 11, 13, 14, 15 3, 4, 8, 9, 10, 11, 14, 15 3, 4, 7, 8, 10, 11, 14 , 15 w x w x w x 4, 5, 6, 8, 9, 13, 14, 15 1, 2, 3, 4, 6, 7, 11, 13 1, 6, 7, 8, 11, 12, 13, 14 w x w x w x 3, 4, 5, 7, 8, 10, 14, 15 3, 4, 5, 9, 10, 13, 14, 15 1, 8, 9, 10, 11, 12, 13, 14 w x w x w x 1, 2, 4, 8, 9, 10, 11, 13 3, 4, 6, 9, 11, 13, 14, 15 3, 4, 6, 8, 9, 11, 14 , 15 w x w x w x 1, 2, 6, 8, 9, 11, 12, 13 1, 5, 8, 9, 10, 12, 13, 14 3, 4, 5, 6, 9, 13, 14 , 15 w x w x w x 1, 5, 7, 8, 10, 12, 13, 14 1, 2, 3, 6, 9, 11, 12, 13 1, 7, 8, 10, 11, 12, 13, 14 w x w x w x 1, 2, 3, 4, 6, 7, 8, 11 3, 4, 5, 8, 9, 10, 14, 15 3, 4, 5, 7, 10, 13, 14 , 15 w x w x w x 1, 6, 8, 9, 11, 12, 13, 14 1, 3, 5, 6, 9, 12, 13, 14 1, 4, 6, 8, 9, 11, 13, 14 w x w x w x 1, 2, 3, 5, 8, 9, 10, 12 1, 2, 5, 7, 8, 10, 12, 13 2, 6, 7, 8, 11, 12, 13 , 15 w x w x w x 3, 4, 5, 6, 7, 13, 14, 15 1, 5, 6, 7, 8, 12, 13, 14 1, 4, 8, 9, 10, 11, 13, 14 w x w x w x 3, 4, 5, 6, 7, 8, 14, 15 1, 4, 7, 8, 10, 11, 13, 14 3, 4, 5, 6, 8, 9, 14 , 15 w x w x w x 1, 5, 6, 8, 9, 12, 13, 14 1, 4, 6, 7, 8, 11, 13, 14 1, 4, 5, 6, 8, 9 , 13, 14 w x w x w x 2, 5, 8, 9, 10, 12, 13, 15 1, 2, 5, 6, 8, 9, 12, 13 2, 5, 7, 8, 10, 12, 13 , 15 w x w x w x 2, 5, 6, 8, 9, 12, 13, 15 2, 5, 6, 7, 8, 12, 13, 15 2, 6, 8, 9, 11, 12, 13 2, 5, 6, 7, 8, 12, 13 1, 4, 5, 8, 9, 10, 13, 14 2, 4, 8, 9, 10, 11, 13, 7, 8, 10, 11, 12, 13, 15 2, 8, 9, 10, 11, 12, 13, 15 2, 4, 7, 8, 10, 11, 13, 4, 5, 7, 8, 10, 13, 14 1, 3, 4, 5, 6, 7, 8, 14 2, 4, 6, 8, 9, 11, 13 , 15 w x w x w x 1, 2, 3, 4, 5, 9, 10, 13 1, 2, 3, 4, 5, 8, 9, 10 1, 2, 3, 4, 5, 7, 10, 13 w x w x w x 1, 3, 6, 9, 11, 12, 13, 14 2, 4, 5, 6, 8, 9, 13, 15 1, 2, 4, 6, 8, 9 , 11, 13 w x w x w x 2, 4, 6, 7, 8, 11, 13, 15 1, 4, 5, 6, 7, 8, 13, 14 1, 2, 3, 4, 5, 7, 8 , 10 w x w x w x 1, 2, 4, 7, 8, 10, 11, 13 1, 3, 9, 10, 11, 12, 13, 14 1, 3, 4, 5, 7, 8, 10 , 14 w x w x w x 2, 4, 5, 8, 9, 10, 13, 15 1, 3, 8, 9, 10, 11, 12, 14 1, 3, 6, 7, 8, 11, 12 , 14 w x w x w x 2, 3, 8, 9, 10, 11, 12, 15 2, 3, 7, 10, 11, 12, 13, 15 1, 2, 4, 6, 7, 8, 11 , 13 w x w x w x 2, 3, 7, 8, 10, 11, 12, 15 1, 3, 5, 9, 10, 12, 13, 14 2, 3, 6, 9, 11, 12, 13 , 15 w x w x w x 2, 3, 6, 7, 11, 12, 13, 15 2, 3, 6, 8, 9, 11, 12, 15 1, 3, 7, 8, 10, 11, 12, 14 w x w x w x 1, 3, 5, 8, 9, 10, 12, 14 1, 3, 7, 10, 11,12, 13, 14 2, 4, 5, 7, 8, 10, 13 3, 5, 7, 8, 10, 12, 15 1, 2, 4, 5, 7, 8, 10, 13 2, 3, 5, 6, 9, 12, 13 , 3, 4, 9, 10, 11, 13, 14 2, 3, 5, 6, 8, 9, 12, 15 1, 3, 4, 8, 9 , 10, 11, 14 w x w x w x 2, 3, 5, 6, 7, 12, 13, 15 1, 3, 5, 7, 10, 12, 13, 14 1, 2, 3, 4, 5, 6 , 9, 13 w x w x w x 1, 3, 5, 7, 8, 10, 12, 14 2, 3, 5, 9, 10, 12, 13, 15 2, 3, 6, 7, 8, 11, 12 , 15 w x w x w x 1, 2, 3, 4, 5, 6, 8, 9 1, 3, 5, 6, 8, 9, 12, 14 1, 3, 6, 8, 9, 11, 12 , 14 w x w x w x 2, 4, 5, 6, 7, 8, 13, 15 1, 3, 6, 7, 11, 12, 13, 14 2, 3, 9, 10, 11, 12, 13, , 3, 4, 9, 10, 11, 13, 15 1, 3, 4, 6, 7, 11, 13, 14 2, 3, 4, 8, 9, 10, 11 2, 4, 5, 6, 7, 8, 13 1, 3, 4, 7, 8, 10, 11, 14 2, 3, 4, 7, 10, 11, 13, 3, 5, 6, 7, 12, 13, 14 1, 2, 4, 5, 8, 9, 10, 13 2, 3, 5, 7, 10, 12, 13 3, 5, 8, 9, 10, 12, 15 1, 3, 5, 6, 7, 8, 12, 14 1, 2, 3, 4, 5, 6, 7 3, 4, 6, 9, 11, 13, 14 2, 3, 4, 7, 8, 10, 11, 15 1, 3, 4, 6, 8, 9 , 11, 14 w x w x w x 2, 3, 4, 6, 9, 11, 13, 15 2, 3, 4, 6, 8, 9, 11, 15 1, 3, 4, 6, 7, 8, 11 3, 4, 6, 7, 8, 11, 15 2, 3, 4, 5, 9, 10, 13, 15 2, 3, 5, 6, 7, 8, 12 2, 4, 5, 6, 8, 9, 13 1, 3, 4, 7, 10, 11, 13, 14 2, 3, 4, 5, 6, 9, 13 3, 4, 5, 6, 7, 13, 15 2, 3, 4, 5, 6, 8, 9, 15 1, 3, 4, 5, 9, 10, 13 3, 4, 5, 6, 7, 8, 15 1, 2, 3, 9, 10, 11, 12, 13 1, 3, 4, 5, 7, 10, 13, 14 w x w x w x 1, 2, 3, 4, 9, 10, 11, 13 1, 2, 3, 7, 10, 11, 12, 13 1, 2, 3, 8, 9, 10, 11, 12 w x w x w x 1, 3, 4, 5, 8, 9, 10, 14 1, 2, 3, 5, 9, 10, 12, 13 1, 2, 3, 5, 7, 10, 12, 13 w x w x w x 1, 2, 3, 5, 7, 8, 10, 12 1, 2, 3, 5, 6, 9, 12, 13 1, 2, 3, 5, 6, 7, 8 2, 3, 5, 6, 8, 9, 12 2, 3, 4, 5, 8, 9, 10, 15 2, 3, 4, 6, 7, 11, 13 , 15 w x w x w x 2, 3, 4, 5, 7, 8, 10, 15 2, 3, 4, 5, 7, 10, 13, 15 6, 7, 8, 11, 12, 13, 14 , 15 w x w x w x 1, 2, 5, 8, 9, 10, 12, 13 1, 2, 6, 7, 8, 11, 12, 13 1, 2, 8, 9, 10, 11, 12, 13 w x w x w x 1, 3, 4, 5, 6, 7, 13, 14 1, 2, 7, 8, 10, 11, 12, 13 1, 3, 4, 5, 6 , 9, 13, 14 w x w x w x 1, 2, 3, 7, 8, 10, 11, 12 1, 3, 4, 5, 6, 8, 9, 14 1, 2, 3, 6, 7, 11, 12 , 13 w x w x w x 1, 2, 3, 6, 8, 9, 11, 12 1, 2, 3, 6, 7, 8, 11, 12 3, 8, 9, 10, 11, 12, 14 , 15 w x w xw x 4, 5, 6, 7, 8, 13, 14, 15 3, 9, 10, 11, 12, 13, 14, 15 4, 5, 7, 8, 10, 13, 14 , 15 w x w x w x 4, 5, 8, 9, 10, 13, 14, 15 4, 6, 8, 9, 11, 13, 14, 15 4, 8, 9, 10, 11, 13, 14 , 15 w x w x w x 5, 6, 7, 8, 12, 13, 14, 15 5, 8, 9, 10, 12, 13, 14, 15 5, 7, 8, 10, 12, 13, 14 , 15 w x w x w x 1, 2, 3, 5, 6, 7, 12, 13 3, 5, 6, 7, 8, 12, 14, 15 3, 5, 6, 7, 12, 13, 14 , 15 w x w x w x 3, 5, 6, 9, 12, 13, 14, 15 3, 5, 7, 10, 12, 13, 14, 15 3, 5, 8, 9, 10, 12, 14, 15 w x w x w x 3, 5, 9, 10, 12, 13, 14, 15 3, 6, 7, 8, 11, 12, 14, 15 3, 4, 9, 10, 11, 13, 14, 15 . Observe that the maximal pure summands all have rank r y k s 8. Experimenting with other examples we find that the maximal pure summands always have rank equal to column dimension of M y row dimension of M. We have stumbled upon a proposition. One direction is very general and separated out in a lemma. 
. w x Then C r C [ B p /0 for each i, and consequently which we denote by n. We first try to specify our example X such that Ž . Ž . T X s n and A is pure in X for i s 1, . . . , 7. This turns out to be cr i impossible.
Ž . PROPOSITION 6.5. The example X cannot be specified such that T X s cr Ž . n and A is pure in X for each i. Ž . A . Assuming purity of the A and counting ranks we get the contradici 6 tory inequality 15 F 8 q 8 y 3 s 13.
However, by changing the critical typeset it is possible to make X into Ž . an almost completely decomposable group such that T X is not an cr Ž . antichain, and A is pure for every critical type . EXAMPLE 6.6. Let the critical typeset be as shown Instead of stating the data as above, they can be entered in the diagram of the critical typeset as follows. The interpretation is evident, and in this form the data can be seen at a glance. These scheme will be used below also.
Proof of Example 6.6. By inspecting the list of pure summands of A it is seen that are pure in X. All other required purity is a consequence of the already established purities.
We will now construct a number of examples by equating the types in i various ways with the types of the critical typeset n specified above. 
are pure in X. Since both A s 1, 2, 3, 5, 6, 7 and A s 1 2 w x 2, 3, 4, 5, 6, 7 are pure in X, the Butler equation fails at both and , 1 2 and A is not regulating in X.
Proof. Check the purity list.
The preceding example suggests that a large difference of the ranks of Ž .
> Ž .
A and A makes it likely that the Butler equation fails. We also observe that in the matrix M 3 column 1 s column 15, column 2 s column 14, column 3 s column 8 s column 13, column 4 s column 12, column 5 s column 11, column 6 s column 10, and column 7 s column 9. This is the guiding light for the following example in which A will be regulating. We will also compute the Burkhardt invariants for this example and so determine the regulator. Then A is regulating in X. The group X contains a total of 2 45 different regulating subgroups. The Burkhardt invariants of X are
Proof. It is easily checked that the homogeneous blocks of A are pure in X. Furthermore, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11 , Ž . 3, 4, 5, 6, 7, 8, 9, 10, 11 . Ž . M 12, 13, 14, 15 and the 12, 13, 14, 15 . These great-1 est common divisors are the same since column 1 is equal to column 15 and therefore its addition does not decrease the greatest common divisor. The Butler equations at and hold for similar reasons. 
x X Burkhardt invariants of X s 5, 6, 7, 9, 10, 11 #, are known and they
are ␤ s ␤ s 1. Hence the regulator of X is R X s 3 3 5 6 w x 5, 6, 7, 9, 10, 11 . We wish to find w x X 5, 6, 7, 9, 10, 11 # X ␤ s exp . We will now replace the deficient summand ¨in A to obtain a 7 7
completely decomposable group B that is regulating in X. Ž .
We proceed by writing X as a finite essential extension of X . The inductive determination of the Burkhardt invariants can also be used for theoretical purposes, e.g., to show that the regulator distributes Ž n . over powers for any almost completely decomposable group X, i.e., R X Ž . n s R X .
Primary Constituents and Representation Matrix
We will show how some basic constructs are obtained from our standard representation of an almost completely decomposable group.
One of the most powerful tools used for classification and decomposition studies is the antirepresentation of an almost completely decomposw x able group AD93, AD95, DO93, KM84, MM93, MV94, MV97 .
Let X be a finite essential extension of a torsion-free group A and let e be an integer such that eX ; A. Let 
